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1 Gauge Symmetry in Quantum

Theories

A gauge transformation in classical electromagnetism in-
volves only the electric scalar and magnetic vector po-
tentials �;A; or their Lorentz-covariant combination A�,
the 4-vector electromagnetic potential. It takes the form

A�(x)! A�(x) + @��(x) (1)

for arbitrary suitably di¤erentiable function �(x) (here
x is an abbreviated label for the point with coordinates
(t; x; y; z)).

The state of matter may be represented in quantum me-
chanics by a wave-function or quantum �eld  (x). In
a quantum particle theory the values of  are complex
numbers, or n�tuples of complex numbers. In a quan-
tum �eld theory the values of  are linear operators on
a vector space (a Hilbert space), or n�tuples of them: a
vector from this space represents the state of the �eld.



In a quantum theory, an electromagnetic gauge trans-
formation transforms not only A� but also  : These
transform are as follows

A�(x) ! A�(x) + @��(x) (2a) Gauge

 (x) ! exp[�(ie)�] (x) (2b) Transformation

where i =
p
�1, and e is the charge of the particles or

�eld quanta. (With natural units in which ~ = c = 1.)

If � is a constant, A� is una¤ected and  is modi�ed by
a constant overall phase factor: This is called a global
gauge transformation.

If �(x) varies with space-time position x, both  and A�
are modi�ed: This is called a local gauge transformation.

A quantum theory possesses electromagnetic gauge sym-
metry if and only if all gauge transformations are theo-
retical symmetries of its models.



A quantum particle theory is trivially symmetric under
global gauge transformations, since wave-functions that
di¤er only by an overall phase-factor represent the same
quantum state.

Global gauge symmetry of a quantum �eld theory is not
trivial: here global electromagnetic gauge symmetry is
equivalent (by Noether�s �rst theorem) to conservation
of electric charge.

The so-called gauge argument attempts to derive the ex-
istence and properties of interactions involving matter by
extending the global gauge symmetry of a quantum �eld
theory of matter to a symmetry under local gauge trans-
formations. This would be one way to derive the existence
and properties of electromagnetic interactions� if these
were not already known! But electromagnetic gauge sym-
metry may be generalized to other kinds of gauge symme-
try. Here, application of the gauge argument might not
only explain but also predict the existence and properties
of new interactions.



3 Non-Abelian Gauge Theories

Even though it is invalid, the gauge argument does pro-
vide a uni�ed heuristic perspective on the interactions of
the Standard Model of elementary particles. Electromag-
netism was only the �rst interaction to be described by
a locally gauge-symmetric theory in that Model. Indeed,
the electromagnetic interaction is now regarded as only
one aspect of a uni�ed electro-weak interaction that also
includes weak interactions. A third gauge theory, quan-
tum chromodynamics, models the strong interaction.

Each of these new theories is said to be non-Abelian,
since the generalized gauge transformations it prescribes
are represented by elements of groups some of whose
elements g1; g2 fail to commute (g1 � g2 6= g2 � g1). The
group U(1), by contrast, is an Abelian group. The group
SU(2) was the �rst non-Abelian group whose generalized
gauge transformations were investigated, by Yang and
Mills in 1954. All the gauge theories of the Standard
Model are now known as Yang-Mills theories.



In an SU(2) Yang-Mills gauge theory, the generaliza-
tion of the electromagnetic potential is represented by a
Lorentz-covariant magnitude A�, each of whose compo-
nents is itself a 2-dimensional square matrix with complex
number coe¢ cients. In one representation this is given
by

A� = Aj�
�j

2i
(6)

where �j (j = 1; 2; 3) are Pauli spin matrices and i =p
�1. Corresponding to this generalized potential is a

generalized �eld strength F��, where

F�� = @�A� � @�A� + [A�;A�] (7)

and [A�;A�] � A�A� �A�A�. The third, non-linear
term in a non-Abelian theory marks an important di¤er-
ence between (7) and the analogous equation (5) from
electromagnetism.

The Abelian equation (2a) generalizes to

A� ! A0� = UA�U
y + (@�U)Uy (8)



where U is an element of SU(2), and Uy is the adjoint
matrix. A further interesting di¤erence from the Abelian
case is that the non-Abelian �eld strength F�� is not
gauge-invariant but gauge covariant:

F�� ! UF��U
y (9)



4 The ��Vacuum

The ground state of a quantized non-Abelian Yang-Mills
gauge theory is usually described by a real-valued para-
meter �� a fundamental new constant of nature. The
structure of this vacuum state is often said to arise from
a degeneracy of the vacuum of the corresponding clas-
sical theory. The degeneracy allegedly follows from the
fact that "large" (but not "small") local gauge trans-
formations connect physically distinct states of zero �eld
energy. In a classical non-Abelian Yang-Mills gauge the-
ory, "large" gauge transformations supposedly connect
models of distinct but indistinguishable situations. If this
is so, it shows that at least "large" local gauge symmetry
is an empirical symmetry.

In clarifying the distinction between "large" and "small"
gauge transformations we will be driven to a deeper analy-
sis of the signi�cance of gauge symmetry. But under-
standing the �-vacuum will require re�ning, not aban-
doning, the thesis that local gauge symmetry is a purely
theoretical symmetry.



Before moving to the quantum theory, consider a classical
SU(2) Yang-Mills gauge theory with action

S =
1

2g2

Z
Tr(F��F

��)d4x (10)

where F�� = @�A� � @�A� + [A�;A�]

and A� = A
j
�
�j
2i transform as

A� ! A0� = UA�U
y + (@�U)Uy; F�� ! UF��U

y

(11)
under a local gauge transformation U(x; t).
(Here �j (j = 1; 2; 3) are Pauli spin matrices.)

The �eld energy is zero if F�� = 0: that condition is
consistent with A� = 0 and gauge transforms of this.
Now restrict attention to those gauge transformations for
which A00 = 0, @0A

0
j = 0 i.e.

A� = 0! A0j(x) = f@jU(x)gUy(x); A00 = 0 (12)

These are generated by functions U : R3 ! SU(2).



Those functions that satisfy U(x)! 1 for jxj ! 1
constitute smooth maps U : S3 ! SU(2), where S3

is the 3-sphere. Some of these may be continuously
deformed into the identity map U(x) = 1. But oth-
ers cannot be. The maps divide into a countable set of
equivalence classes, each characterized by an element of
the homotopy group �3(SU(2)) = Z called the winding
number.

Maps in the same equivalence class as the identity map
are said to generate "small" local gauge transformations:
these are taken to relate alternative representations of
the same classical vacuum. But A0�, A

00
� generated from

A� = 0 by mapsU(x) from di¤erent equivalence classes
are often said to represent distinct classical vacua, and
A0�, A

00
� are said to be related by "large" gauge transfor-

mations. (It is important to distinguish this claim from
the quite di¤erent proposition, according to which de-
generate quantum vacua may be related by a "global"
gauge transformation in cases of spontaneous symmetry



breaking. We are concerned at this point with a possi-
ble degeneracy in the classical vacuum of a non-Abelian
Yang-Mills gauge theory.)

But if local gauge symmetry is a purely formal feature
of a theory, then a gauge transformation cannot connect
representations of physically distinct situations, even if it
is "large"! And yet, textbook discussions of the quantum
�-vacuum typically represent this by a superposition of
states, each element of which is said to correspond to a
distinct state from the degenerate classical vacuum.



5 Two Analogies

Such discussions frequently appeal to a simple analogy
from elementary quantum mechanics. Consider a par-
ticle moving in a one-dimensional periodic potential of
�nite height, like a sine wave. Classically, the lowest en-
ergy state is in�nitely degenerate: the particle just sits at
the bottom of one or other of the identical wells in the
potential. But quantum mechanics permits tunnelling be-
tween neighboring wells, which removes the degeneracy.
In the absence of tunnelling, there would be a count-
ably in�nite set of degenerate ground states of the form
 n(x) =  0(x � na) where a is the period of the po-
tential. These are related by the translation operator T̂a:
T̂a (x) =  (x � a). T̂a is unitary and commutes with
the Hamiltonian Ĥ. Hence there are joint eigenstates j�i
of Ĥ and T̂a satisfying T̂a j�i = exp(i�) j�i.

Such a state has the form

j�i =
+1X

n=�1
expf�in�g jni (13)



where  n(x) is the wave function of state jni. When
tunnelling is allowed for, the energy of these states de-
pends on the parameter � 2 [0; 2�). It is as if quantum
tunneling between the distinct classical ground states has
removed the degeneracy, resulting in a spectrum of states
of di¤erent energies parametrized by �, each correspond-
ing to a di¤erent superposition of classical ground states.



An alternative analogy is provided by a charged pendu-
lum swinging from a long, thin solenoid whose �ux �
is generating a static Aharonov-Bohm potential A. The
Hamiltonian is

Ĥ =
1

2m
[�i(r� ieA)]2 + V (14)

With a natural "tangential" choice of gauge for A this
becomes

Ĥ = � 1

2ml2

�
d

d!
� ielA

�2
+ V (!) (15)

where the pendulum has mass m, charge e, length l and
angle coordinate !. If the wave function is transformed
according to

 (!) = exp

264ie !Z
0

lAd!0

375'(!) (16)

then the transformed wave function satis�es the Schrödinger
equation with simpli�ed Hamiltonian

Ĥ' = �
1

2m

d2

d!2
+ V (!) (17)



The boundary condition  (! + 2�) =  (!) now be-
comes

'(! + 2�) = expf�ie�g'(!) (18)

which is of the same form as in the �rst analogy: T̂2�' =
expfi�g', with � = �e�.

Unlike the periodic potential, the charged pendulum fea-
tures a unique classical ground state. The potential bar-
rier that would have to be overcome to "�ip" the pendu-
lum over its support can be tunnelled through quantum
mechanically, but the tunnel ends up back where it started
from! This produces a �-dependent ground state energy
as in the analogy of the periodic potential. But in this
case there is a single state corresponding to an external
parameter � rather than a spectrum of states labeled by
an internal parameter �.

Which is the better analogy? Is the �-vacuum in a quan-
tized non-Abelian gauge theory more like a quantum state
of the periodic potential, or a state of the charged quan-
tum pendulum?



In his book Classical Theory of Gauge Fields, Rubakov de-
scribes both analogies. He notes that vacua of a classical
Yang-Mills gauge theory related by a "large" gauge trans-
formation are topologically inequivalent, since their so-
called Chern-Simons numbers are di¤erent. The Chern-
Simons number nCS associated with potential A� is de-
�ned as follows:

nCS (A�) �
1

16�2

Z
d3x�ijk

�
Aai @jA

a
k +

1

3
�abcAaiA

b
jA

c
k

�
(19)

and if A00�,A
0
� are related by a "large" gauge transfor-

mation of the form (12) with winding number n, then
nCS

�
A00�

�
= nCS

�
A0�

�
+ n. But in a semi-classical

treatment, quantum tunneling between them is possible
through quantum tunneling. This suggests that the clas-
sical vacua are indeed distinct, and that a "large" gauge
transformation represents a change from one physical sit-
uation to another. If so, symmetry under "large" gauge
transformations is not just a theoretical symmetry but re-
�ects an empirical symmetry of a non-Abelian Yang-Mills
gauge theory. This favors the �rst analogy.



But Rubakov then goes on to o¤er an alternative (but
allegedly equivalent!) perspective, when he says (on page
277)

From the point of view of gauge-invariant quan-
tities, topologically distinct classical vacua are
equivalent, since they di¤er only by a gauge
transformation. Let us identify these vacua.
Then the situation becomes analogous to the
quantum-mechanical model of the pendulum.

From this perspective, even "large" gauge transforma-
tions lead from a single classical vacuum state back into
an alternative representation of that same state! Is this
perspective legitimate? If it is, how can it be equivalent
to a view according to which a "large" gauge transfor-
mation represents an empirical transformation between
distinct states of a non-Abelian Yang-Mills gauge theory?



6 Are "Large" Gauge Transforma-

tions Empirical?

Consider �rst a purely classical non-Abelian Yang-Mills
gauge theory. If it has models that represent distinct de-
generate classical vacua, what is the physical di¤erence
between these vacua? Models related by a "large" gauge
transformation are characterized by di¤erent Chern-Simons
numbers, and one might take these to exhibit a di¤erence
in the intrinsic properties of situations they represent.
But it is questionable whether the Chern-Simons number
of a gauge con�guration represents an intrinsic property
of that con�guration, even if a di¤erence in Chern-Simons
number represents an intrinsic di¤erence between gauge
con�gurations. Perhaps Chern-Simons numbers are like
velocities in models of special relativity. The velocity as-
signed to an object in a model of special relativity does
not represent an intrinsic property of that object, even
though that theory does distinguish in its models between
situations involving objects moving with di¤erent relative



velocities. It is this latter distinction that proves critical
to establishing that Lorentz boosts are empirical symme-
tries of situations in a special relativistic world.

So does a di¤erence in Chern-Simons number represent
an intrinsic di¤erence between classical vacua in a purely
classical non-Abelian Yang-Mills gauge theory? There is
no reason to believe that it does. For it to do so, the the-
ory would have to include models representing more than
one vacuum state at once, where the distinct vacua are
represented by di¤erent Chern-Simons numbers in every
such model. Such distinct vacua extend over all space.
So they could all be represented within a single model
only if it represented them as occurring at di¤erent times.
But topologically distinct vacua are separated by an en-
ergy barrier, and in the purely classical theory this cannot
be overcome. So there is no representation within a sin-
gle model of the purely classical theory of vacua with
di¤erent Chern-Simons numbers. There is no reason to
believe that a "large" gauge transformation represents an
empirical transformation between distinct vacuum states
of a purely classical non-Abelian Yang-Mills gauge theory.



According to a semi-classical theory, vacua with di¤erent
Chern-Simons numbers can be connected by tunnelling
through the potential barrier that separates them. So
such a theory can model a single situation involving more
than one such vacuum state, each obtaining at a di¤er-
ent time. Moreover, no model of this theory represents
these states as having the same Chern-Simons numbers.
Perhaps this justi�es the conclusion that in a world truly
described by such a theory a "large" gauge transformation
would represent an empirical transformation between dis-
tinct vacuum states. But we do not live in such a world.



The ��vacuum of a fully quantized non-Abelian Yang-
Mills gauge theory is non-degenerate and symmetric un-
der "large" as well as "small" gauge transformations.
Analogies with the periodic potential and quantum pen-
dulum suggest that it be expressed in the form

j�i =
+1X

n=�1
expf�in�g jni (20)

where state jni corresponds to a classical state with Chern-
Simons number n. But not only the ��vacuum but the
whole theory is symmetric under "large" gauge transfor-
mations. So a generator Û of "large" gauge transfor-
mations commutes not only with the Hamiltonian but
with all observables. It acts as a so-called "superselec-
tion operator" that separates the large Hilbert space of
states into distinct superselection sectors, between which
no superpositions are possible. Physical states are there-
fore restricted to those lying in a single superselection
sector of the entire Hilbert space. Hence every physical
state of the theory, including j�i, is an eigenstate of Û .



Now there is an operator Û1 corresponding to a "large"
gauge transformation with winding number 1,

Û1 jni = jn+ 1i (21)

from which it follows that none of the states jni is a
physical state of the theory! This theory cannot model
situations involving any state corresponding to a classi-
cal vacuum with de�nite Chern-Simons number, still less
a situation involving two or more states corresponding
to classical vacua with di¤erent Chern-Simons numbers.
Consequently, "large" gauge transformations in a fully
quantized non-Abelian Yang-Mills gauge theory do not
represent physical transformations, and symmetry under
"large" gauge transformations is not an empirical symme-
try. There is no di¤erence in this respect between "large"
and "small" gauge transformations.



2 The Gauge Argument

Suppose one were to try to develop a quantum �eld the-
ory for a charged matter �eld. One might proceed to
quantize a classical �eld theory by promoting classical
�eld magnitudes into operators obeying suitable general-
izations of the Heisenberg commutation relations. Given
Noether�s �rst theorem, the empirical fact of charge con-
servation is naturally incorporated into such a classical
�eld theory by taking the �eld to be represented by a
complex-valued function  (x) that transforms as

 (x)! exp[�(ie)�] (x) (3)

under a global gauge transformation. This transformation
is generated by an element of the group U(1), and acts
as a rotation of the "arrow" representing the value of  
in the complex plane� indeed, the same rotation at every
space-time point x.

But now one might be struck by the thought that no
physical content has yet been given to the operation of



comparing the "directions" in which that arrow is point-
ing at di¤erent space-time points� this is not a direction
in physical space(-time). What is required is a connection
that speci�es how to compare directions in this "internal"
group space. The actual values  (x) are therefore unim-
portant: what matters is how these are related to one
another via this connection. To allow for this arbitrari-
ness, (3) should be generalized to

 (x)! exp[�(ie)�(x)] (x) (4)

and the theory should be required to be locally as well as
globally gauge symmetric.

The Dirac equation governing a classical electron �eld is
not locally gauge symmetric. But it may be made locally
gauge symmetric by replacing the ordinary derivative op-
erator @� by the so-called covariant derivative operator
@� � ieA� where A�(x) is a newly introduced Lorentz-
covariant �eld representing the desired connection. This
satis�es (2a), and so it is tempting to identify it with the
electromagnetic 4-vector potential.



If this A�(x) is indeed a new �eld, then it has its own
dynamics. The simplest dynamical equations derivable
from an action principle applied to a Lorentz and lo-
cally gauge-invariant Lagrangian for the new �eld have
the form of Maxwell�s equations for a source-free elec-
tromagnetic �eld represented by the Lorentz tensor F��,
where

F�� = @�A� � @�A� (5)

Moreover, application of an action principle to the to-
tal Lagrangian yields Maxwell�s equations with the usual
charged matter-�eld current as source. So we seem to
have derived the existence and properties of electromag-
netism, including its interactions with matter, just by ex-
tending the global gauge symmetry of the matter �eld to
local gauge symmetry!

But this argument is invalid. Its plausibility rests on two
implicit assumptions which need to be added explicitly to
render it sound.



The �rst assumption is that the connection represented
by A�(x) need not be �at� that the curvature given by
(5) may not be zero. The second assumption is that this
curvature is not �xed but dynamic, and indeed depends
in a speci�c way on the charged matter current. It is
this second assumption that justi�ed the application of
action principles to derive the dynamics of the �eld F��,
in the presence as well as in the absence of the matter
current. While these assumptions turn out to be true,
they certainly don�t follow from the requirement of local
gauge symmetry. Local gauge symmetry remains a purely
formal symmetry� a theoretical symmetry of the matter
�eld which, by itself, implies no corresponding empiri-
cal symmetry. Its role in the gauge argument is purely
heuristic� to suggest a possibility that nature turns out
to have realized.



7 Are They Really Gauge Transfor-
mations?

There are several reasons why it remains important to
better understand the di¤erence between "large" and "small"
gauge transformations. One reason is that doing so will
help to resolve the following apparent paradox.

Two beliefs are widely shared. The �rst belief is that local
gauge transformations implement no empirical symmetry
and therefore have no direct empirical consequences. The
second belief is that "global" gauge transformations have
indirect empirical consequences via Noether�s Theorem,
including the conservation of electric charge. The para-
dox arises when one notes that a "global" gauge transfor-
mation appears as a special case of a local gauge trans-
formation. If local gauge symmetry is a purely formal
symmetry, how can (just) this special case of it have even
indirect empirical consequences?

Another reason is to appreciate why some (e.g. Domenico
Giulini) have proposed that we make



a clear and unambiguous distinction between
proper physical symmetries on one hand, and
gauge symmetries or mere automorphisms of the
mathematical scheme on the other (Giulini(2003),
p.289)

The proposed distinction would classify invariance under
"small" gauge symmetries as a gauge symmetry, but in-
variance under "large" gauge transformations as a proper
physical symmetry. It is founded on an analysis of gauge
in the framework of constrained Hamiltonian systems.

The guiding principle is to follow Dirac�s proposal by iden-
tifying gauge symmetries as just those transformations
on the classical phase-space representation of the state
of such a system that are generated by its �rst-class con-
straint functions. In a classical Yang-Mills gauge theory,
these are precisely those generated by the so-called Gauss
constraint functions, such as the function on the left-hand
side of equation

r:E = 0 (22)



in the case of pure electromagnetism.

Giulini(2003) applies this principle to a quantized Hamil-
tonian system representing an isolated charge distribu-
tion in an electromagnetic �eld. He concludes that the
gauge symmetries of this system consist of all and only
those local gauge transformations on the quantized �elds
that leave unchanged both the asymptotic electromag-
netic gauge potential Â� and the distant charged matter
�eld. A "global" gauge transformation corresponding to
a constant phase rotation in the matter �eld does not
count as a gauge symmetry since it is not generated by
the Gauss constraint (or any other �rst-class constraint)
function. Rather, "global" U(1) phase transformations
would be associated with physical symmetries. According
to Giulini(2003) (p.308)

This is the basic and crucial di¤erence between
local and global gauge transformations.



The formalism represents the charge of the system dy-
namically by an operator Q̂ that generates translations
in a coordinate corresponding to an additional degree of
freedom on the boundary in the dynamical description:
these correspond to physical symmetries. A charge su-
perselection rule, stating that all observables commute
with the charge operator, is equivalent to the impossibil-
ity of localizing the system in this new coordinate. But a
translation in this additional coordinate is quite distinct
from a transformation of the form

A� ! A� + @�� (23)

 ! exp[�(ie)�] 

Now if this charge superselection rule is assumed to be
strict, then "global" U(1) phase transformations are for-
bidden, and there is no associated physical symmetry. So
conservation of charge implies that no physical symmetry
is associated with a "global" gauge transformation at the
same time that it is equivalent (by Noether�s Theorem)
to "global" gauge symmetry of the Lagrangian! It is only



in a theory that permitted states of di¤erent charge to
be superposed that "global" gauge transformations would
be manifested as empirical symmetries; and even in such
a theory these would not be symmetries of the form of
equation (23).

This delicate relation between "global" gauge transfor-
mations and some associated empirical symmetry helps to
resolve the apparent paradox outlined above. A"global"
gauge transformation is not merely a special case of a lo-
cal gauge transformation. Indeed, the constrained Hamil-
tonian approach provides a valuable perspective from which
it is not even appropriately classi�ed as a gauge transfor-
mation.

This perspective illuminates the distinction between "large"
and "small" gauge transformations more generally. As
Giulini put it in 1995, in Yang-Mills theories

it is the Gauss constraint that declares some of
the formally present degrees of freedom to be



physically nonexistent. But it only generates
the identity component of asymptotically triv-
ial transformations, leaving out the long rang-
ing ones which preserve the asymptotic struc-
ture imposed by boundary conditions as well as
those not in the identity component of the as-
ymptotically trivial ones. These should be con-
sidered as proper physical symmetries which act
on physically existing degrees of freedom.

Whether the constrained Hamiltonian approach to gauge
symmetry establishes that "large" gauge transformations
correspond to empirical symmetries seems more sensitive
to theoretical context than Giulini�s last sentence would
allow. But it certainly shows that not only a "global"
gauge transformation but any "large" gauge transforma-
tion not generated by a Gauss constraint is very di¤erent
from the local gauge symmetries that it does generate.



8 The ��Vacuum in a Loop Rep-

resentation

The availability of loop representations of quantized Yang-
Mills theories has interesting implications for the nature
of the ��vacuum. Recall that when the theory is non-
Abelian, "large" gauge transformations with non-zero wind-
ing number connect potential states with di¤erent Chern�
Simons numbers, including di¤erent candidates for the
lowest-energy, or vacuum, state of the �eld. Requiring
that the theory be symmetric under such "large" gauge
transformations implies that the actual vacuum state is a
superposition of all these candidate states of the form

j�i =
+1X

n=�1
expf�in�g jni (24)

where � is an otherwise undetermined parameter� a fun-
damental constant of nature.



Associated with the ��vacuum is an additional term pro-
portional to �����F a��F a�� that enters the e¤ective
Lagrangian density for quantum chromodynamics

LQCD =  a(i

�D� �m) a � 1

4
Fa��F

a�� (25)

+
�

64�2
�����F

a��F a��

� unless the value of � is zero, in which case this term
itself becomes zero. It turns out that certain empirical
consequences of quantum chromodynamics are sensitive
to the presence of this extra term: if it were present, then
strong interactions would violate two distinct discrete
symmetries, namely parity and charge conjugation sym-
metry. Experimental tests have shown that j�j � 10�10,
making one suspect that in fact � = 0. This fact� that
of all the possible real number values it could take on, �
appears to be zero� is known as the strong CP problem.
Various solutions have been o¤ered, several of which ap-
peal to some new physical mechanism that intervenes to
force � to equal 0. But from the perspective of a loop
representation, there is no need to introduce � as a pa-
rameter in the �rst place. I quote (Fort and Gambini,
2000):



It is interesting to speculate what would hap-
pen if from the beginning holonomies were used
to describe the physical interactions instead of
vector potentials. Probably we would not be
discussing the strong CP problem. This would
simply be considered as an artifact of an overde-
scription of nature, by means of gauge poten-
tials, which is still necessary in order to com-
pute quantities by using the powerful pertur-
bative techniques. From this perspective, the
strong CP problem is just a matter of how we
describe nature rather than being a feature of
nature itself. (p.348)

As Fort and Gambini explain, when a theory is formulated
in a loop/path representation, all states and variables are
automatically invariant under both "small" and "large"
gauge transformations, so there is no possibility of intro-
ducing a parameter � (as in equation (20)) to describe
a hypothetical superposition of states that are not so in-
variant. While the conventional perspective makes one



wonder why � should equal zero, from the loop perspec-
tive there is no need to introduce any such parameter in
the �rst place. Once formulated, the loop representation
will be equivalent to the usual connection representation
with � = 0.

One can introduce an arbitrary parameter � into a loop
representation of a more complex theory, as Fort and
Gambini show. But from the holonomy perspective there
would have been no empirical reason to formulate such
a more complex theory, and the fact that even more pre-
cise experiments do not require it would be a considered
a conclusive reason to prefer the simpler theory� the one
that never introduced an empirically super�uous � para-
meter.




